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Abstract
Wendt’s determinant of order n is the circulant determinant Wn whose (i, j)-th entry is the
binomial coefﬁcient
(
n
|i−j |
)
, for 1 i, jn, where n is a positive integer. We establish some
congruence relations satisﬁed by these rational integers. Thus, if p is a prime number and k a
positive integer, then Wpk ≡ 1 (modpk) and Wnpk ≡ Wn (modp). If q is another prime, distinct
from p, and h any positive integer, then Wphqk ≡ WphWqk (modpq). Furthermore, if p is odd,
then Wp ≡ 1+p
((
2p−1
p−1
)
− 1
)
(modp5). In particular, if p5, then Wp ≡ 1 (modp4). Also,
if m and n are relatively prime positive integers, then WmWn divides Wmn.
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1. Introduction
The Wendt determinant of order n is the n × n circulant determinant Wn with ﬁrst
row the binomial coefﬁcients
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, . . . ,
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)
, i.e.
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= det
[(
n
|i − j |
)]
,
where 1 i, jn. Initially introduced [18] and studied in connection with Fermat’s
last theorem [12,13], Wn is also equal to the resultant of the polynomials Xn − 1 and
(X + 1)n − 1, and thus equal to the product of the values of the latter polynomial
at all the complex nth roots of unity. Most of the investigations concerning Wendt’s
determinants have focused on determining its prime factorization [6–8,14]. Lehmer [11]
proved that Wn = 0 if and only if n ≡ 0 (mod 6), and that if p is an odd prime number
then Wp−1 is divisible by pp−2qp(2), where qp(2) is the Fermat quotient 2
p−1−1
p
.
Moreover, Carlitz [2,3] determined Wp−1 modulo pp−1, then modulo pe+1, for any
natural number e, in terms of p-based Fermat quotients. In a previous article [10], we
showed that if p is a prime ≡ −1 (mod 6) then Wp−1 = − 19qp(2)3pp−2D6p−1, where
Dp−1 is a rational integer equal to the discriminant of a certain polynomial associated
with (X+1)p−Xp−1. On the other hand, the size of Wn, when n is not divisible by
6, was evaluated in [1] to be of the order of n2 , where  is a constant close to 1.38.
In this article, we investigate some congruence relations satisﬁed by Wn, especially
when n is a prime power. We thus establish, using the properties of resultants, that if
two positive integers m and n have their gcd equal to d, then, not only does Wd divide
both Wm and Wn, but also WmWnWd divides Wmn. In particular, if m and n are relatively
prime, then WmWn divides Wmn. Thus if n = pk11 . . . pkrr is the factorization of n into
powers of distinct primes pi , then the product W
p
k1
1
. . .W
p
kr
r
divides Wn. Moreover,
Wnpk ≡ Wn (mod p), for any prime p and any positive integer k. It follows that if p, q
are distinct primes, then Wphqk ≡ WphWqk (mod pq), for any positive integers h, k. We
also prove, inductively, that Wpk ≡ 1 (mod pk), for all prime powers pk . We then write
Wn as a product of norms, over the rational number ﬁeld Q, of special elements from
the cyclotomic extension obtained by adjoining the nth roots of unity to Q. We also
establish explicit expressions for some elementary symmetric functions of cyclotomic
prime power elements and for their traces over Q, from which we derive that if p is
an odd prime, then Wp ≡ 1 + p
((
2p−1
p−1
)
− 1
)
(mod p5). In particular, if p5, then
Wp ≡ 1 (mod p4). We further make the following conjectures:
(C1) For any prime p5 and any positive integer k, Wpk ≡ 1 (mod pk+3).
(C2) For p = 3 and any positive integer k, W3k ≡ 1+ 3k+2 (mod 3k+5).
(C2) For p = 2 and any positive integer k, W2k ≡ 1+ 2k+1 (mod 2k+2).
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2. Resultants and circulants
We here gather some properties of resultants that we shall need in the sequel.
Deﬁnition 1. Let f =∑mi=0 aiXi and g =∑nj=0 bjXj be two polynomials of degrees
m and n respectively, i.e. ambn = 0, with coefﬁcients in a ﬁeld K. The resultant of f
and g is the (m+ n)× (m+ n) determinant R(f, g) = det(ci,j ), where
ci,j =
{
ai+m−j , if 1 in,
bi−j , if n+ 1 in+m
for 1jm+ n, with ak = 0 if k ∈ [0,m] and bk = 0 if k ∈ [0, n].
Lemma 1. Let f = ∑mi=0 aiXi and g = ∑nj=0 bjXj be two polynomials of degrees
m and n respectively, i.e. ambn = 0, with coefﬁcients in a ﬁeld K.
(1) The resultant R(f, g) is a homogeneous polynomial, with rational integer coefﬁ-
cients, in a0, . . . , am, b0, . . . , bn, of degree n in the ai’s and of degree m in the
bj ’s. In particular, if f and g have their coefﬁcients in a subring A of K, then
R(f, g) ∈ A.
(2) If 1, . . . , m and 1, . . . , n are the roots of f and g, respectively, in an alge-
braic closure K˜ of K, each repeated according to its multiplicity, i.e. if f (X) =
am
∏m
i=1(X − i ) and g(X) = bn
∏n
j=1(X − j ) in K˜[X], then
R(f, g) = anm
m∏
i=1
g(i ) = (−1)mnbmn
n∏
j=1
f (j ) = anmbmn
m∏
i=1
n∏
j=1
(i − j ).
(3) R(f, g) = 0 if and only if f and g have a common root in K˜ .
(4) R(g, f ) = (−1)mnR(f, g).
(5) For a non-zero h ∈ K[X], we have R(fg, h) = R(f, h)R(g, h) and R(f, gh) =
R(f, g)R(f, h).
(6) For any a ∈ K∗, we have R(af, g) = anR(f, g) and R(f, ag) = amR(f, g).
(7) If g = qf + h, with q, h ∈ K[X], h = 0 and degh = d, then R(f, g) =
an−dm R(f, h).
(8) For any positive integer e, we have R(f (Xe), g(Xe)) = R(f (X), g(X))e.
Proof. Properties (1)–(6) are well known (e.g. see [4,16]).
(7) By (2), R(f, g) = anm
∏m
i=1 g(i ) and R(f, h) = adm
∏m
i=1 h(i ). Moreover, since
g = qf+h and the i’s are the roots of f, then ∏mi=1 g(i ) =∏mi=1 h(i ) = a−dm R(f, h).
Hence the result, by substitution.
(8) By (2), f (Xe) = am∏mi=1 (Xe−i ) = am∏mi=1 ∏ek=1 (X−i,k), where i,1, . . . ,
i,e are the roots of Xe − i in K˜ , repeated according to multiplicity, and R(f (Xe),
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g(Xe)) = aenm
∏m
i=1
∏e
k=1 g(ei,k), since the degree of g(Xe) is en. Thus
R(f (Xe), g(Xe)) = aenm
m∏
i=1
e∏
k=1
g(i ) =
e∏
k=1
anm
m∏
i=1
g(i ) = R(f, g)e. 
Lemma 2. Let A be an integral domain, f, g, h, u ∈ A[X] and a ∈ A, all non-zero.
(1) If g ≡ h (mod) in A[X] and deg h deg g, then R(f, h) divides R(f, g) in A.
If g ≡ h (mod f ) and the leading coefﬁcient of f is a unit of A, then R(f, g) and
R(f, h) are associates (i.e. they divide each other).
(2) If deg f  deg g and f = ±g, then R(f, g ∓ f ) divides R(f, g).
(3) If f ≡ 0 (mod a) in A[X], i.e. if all the coefﬁcients of f are divisible by a, then
R(f, g) ≡ 0 (mod an) in A, where n = deg g.
(4) If g ≡ ±f (mod a) in A[X], g = ±f and deg f = m deg g, then R(f, g) ≡
0 (mod am).
(5) If h ≡ g (mod a) in A[X] and deg h = deg g, then R(f, h) ≡ R(f, g) (mod a)
in A.
(6) If u ≡ f (mod a), with deg u = deg f , and h ≡ g (mod a), with deg h = deg g,
then R(u, h) ≡ R(f, g) (mod a).
(7) If g divides h in A[X], then R(f, g) divides R(f, h) in A.
(8) If f divides u and g divides h in A[X], then R(f, g) divides R(u, h) in A.
Proof. Note ﬁrst that by Lemma 1, (1), since all the polynomials considered here have
their coefﬁcients in A, then all the resultants lie in A.
(1) By assumption, g = qf + h with q ∈ A[X]. So, by Lemma 1, (7), R(f, g) =
an−dm R(f, h). Thus, if dn, then R(f, g) is a multiple of R(f, h) in A; and if am is
a unit of A, then the two resultants are associates.
(2) This follows from (1) by taking h = f ∓ g, whose degree, like that of f, does
not exceed deg g.
(3) We have f = a · q, for some q ∈ A[X]. So, by Lemma 1, (6), R(f, g) =
anR(q, g). Hence the result.
(4) We have g∓f ≡ 0 (mod a), so that, by (3), R(g∓f, f ) ≡ 0 (mod am). Moreover,
since deg f  deg g, then, by (2), R(f, g∓f ) divides R(f, g). But, by Lemma 1, (4),
R(f, g ∓ f ) and R(g ∓ f, f ) are associates. Hence the result.
(5) Let f = ∑mi=0 aiXi, g = ∑nj=0 bjXj and h = ∑nj=0 cjXj , with the ai’s,
bj ’s and cj ’s in A and ambncn = 0, so that deg h = deg g = n, according to the
assumption. By Lemma 1, (1), R(f, g) = P(a0, . . . , am, b0, . . . , bn) and R(f, h) =
P(a0, . . . , am, c0, . . . , cn), where P is a polynomial with rational integer coefﬁcients.
Since h ≡ g (mod a), then cj ≡ bj (mod a), for 0jn. Therefore P(a0, . . . , am,
c0, . . . , cn) ≡ P(a0, . . . , am, b0, . . . , bn) (mod a). Hence the result.
(6) By (5), under the current assumptions, R(f, h) ≡ R(f, g) (mod a) and R(h, u) ≡
R(h, f ) (mod a). But, by Lemma 1, (4), we have R(u, h) = (−1)mnR(h, u) and
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R(f, h) = (−1)mnR(h, f ), where m = deg u = deg f and n = deg h = deg g, so
that R(u, h) ≡ R(f, h)mod a). Hence the result.
(7) By assumption, h = qg with q ∈ A[X], q = 0. So, by Lemma 1, (5), R(f, h) =
R(f, q)R(f, g) is a multiple of R(f, g) in A.
(8) By (7), under the current assumptions, R(f, g) divides R(f, h) and R(h, f )
divides R(h, u). But, by Lemma 1, (4), R(f, h) and R(h, f ) (resp. R(h, u) and R(u, h))
are associates, so that R(f, h) divides R(u, h). Hence the result. 
Deﬁnition 2. Let a0, a1, . . . , an−1 be n elements of a ﬁeld K (n1). The circulant de-
terminant Circ (a0, . . . , an−1) is the n×n determinant whose rows are obtained from the
ﬁrst one (a0, . . . , an−1) by successive circular permutations, i.e. Circ (a0, . . . , an−1) =
det(ai,j ), where ai,j =
{
aj−i if 1 ijn
aj−i+n if 1j < in
.
Lemma 3. Let n be a positive integer, K a ﬁeld whose characteristic does not divide n
and a0, a1, . . . , an−1 be n elements of K, with an−1 = 0. Then the circulant determinant
Circ (a0, . . . , an−1) is the resultant of the polynomials fn(X) = Xn − 1 and P(X) =∑n−1
i=0 aiXi , i.e.
Circ(a0, . . . , an−1) =
n−1∏
j=0
P(jn) = R(fn, P ) = R(P, fn),
where n is a primitive nth root of unity in an algebraic closure K˜ of K.
Proof. The ﬁrst equality is a classical result (e.g. see [15,13]), and the remaining two
follow from Lemma 1, (2) and (4). 
In the sequel, we will also need the following result about polynomials with coef-
ﬁcients in the ring Z of rational numbers. Recall that two polynomials in Z[X] are
congruent modulo some positive integer m if and only if their difference is a polynomial
all of whose coefﬁcients are divisible by m.
Lemma 4. For any prime number p, any natural numbers m, n, with m1, and any
f, g ∈ Z[X], if f ≡ g (mod pm), then f pn ≡ gpn (mod pm+n). In particular, for any
a, b ∈ Z, if a ≡ b (mod pm), then apn ≡ bpn (mod pm+n).
Proof. The proof is by a straightforward induction. 
3. Wendt determinants via resultants
Notations: The sets of natural numbers, rational integers, rational numbers, real num-
bers and complex numbers are, respectively, denoted by N,Z,Q,R and C. For a
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positive n in N, we denote by n a primitive nth root of unity in C, and we set
fn(X) = Xn − 1 and gn(X) = (X + 1)n − 1 = fn(X + 1).
Deﬁnition 3. For any positive integer n, the Wendt determinant of order n is the circu-
lant determinant Wn = Circ
((
n
0
)
,
(
n
1
)
, . . . ,
(
n
n−1
))
= det
[(
n
|i−j |
)]
, where 1 i, jn.
Thus, in view of Lemma 3, Wn is the resultant of fn = Xn−1 and hn =∑n−1i=0 (ni )Xi =
(X + 1)n −Xn, i.e.
Wn = R(fn, hn) =
n−1∏
j=0
(
(1+ jn)n − 1
)
= R(fn, gn), (1)
so that Wn is also the resultant of fn and gn = (X+1)n−1. Moreover, since Xn−1 =∏n−1
i=0 (X − in), we also have
Wn =
n−1∏
j=0
n−1∏
i=0
(1+ jn − in). (2)
We start with some well-known properties that we include here for completness.
Proposition 1. For any positive integers m, n, we have
(1) Wn is a rational integer.
(2) If m divides n, then Wm divides Wn.
(3) Wn = 0 if and only if n ≡ 0 (mod 6).
Proof. (1) This follows immediately from the deﬁnition or from Lemma 1, (1).
(2) If n = dm for some integer d, then fm(X) = Xm−1 divides fn(X) = (Xm)d−1
in Z[X], and therefore gm(X) = fm(X + 1) divides gn(X) = fn(X + 1). Hence, by
Lemma 2, (8), Wm = R(fm, gm) divides Wn = R(fn, gn).
(3) By formula (2) above, Wn = 0 if and only if there exist j, k ∈ Z such that 1+jn =
kn. But in C, we have 
j
n = ei = cos + i sin  and kn = ei = cos + i sin , for
some real numbers  and . So, if Wn = 0, then 1+ cos  = cos  and sin  = sin ,
which implies cos  = − cos  and cos  = 12 , so that kn = e±i/3 is a primitive sixth
root of unity, i.e. its order ngcd(n,k) = 6, and thus 6 divides n. Conversely, if n = 6m for
some integer m, then taking n = e2i/n, we get 1+ 2mn = 1+ 3 = −23 = 6 = mn ,
and therefore Wn = 0. 
Proposition 2. For any positive integers m, n, if d = gcd(m, n) and e = lcm(m, n) in
N, then WmWn divides WdWe.
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Proof. First, note that Z[X] is a unique factorization domain, in which any two non-
zero elements u, v have a gcd, unique to within a unit factor (= ±1) [19], and we
denote by gcd(u, v) the one whose leading coefﬁcient is positive. Now, since d divides
m and n, then fd divides fm and fn and so it divides f = gcd(fm, fn). On the other
hand, if z is a root of f in C, then z is a root of fm and fn, i.e. zm = zn = 1. And,
since there exist r, s ∈ Z such that d = rm+ sn, then zd = 1. Thus every root of f is a
root of fd , and since the roots of fm are simple, so are the roots of f, and therefore f
divides fd . Hence gcd(fm, fn) = fd . Thus fmfd and
fn
fd
lie in Z[X], are relatively prime
and both divide fe
fd
, so that their product also divides fe
fd
. Therefore fmfn divides fdfe
and thus gmgn divides gdge in Z[X], since gk(X) = fk(X + 1) for an integer k > 0.
In view of the above, there exist um, un, vm, vn ∈ Z[X] such that fm = fdum, fn =
fdun, gm = gdvm and gn = gdvn. Moreover, umfn divides fe and vmgn divides ge
in Z[X]. Hence, by Lemma 2, (8), R(umfn, vmgn) divides R(fe, ge) = We. Also,
by Lemma 1, (5), we have R(umfn, vmgn) = R(um, vm)R(um, gn)R(fn, vm)Wn, and
R(um, gn) = R(um, gd)R(um, vn) and R(fn, vm) = R(fd, vm)R(un, vm). Therefore
R(umfn, vmgn) = R(um, vm)R(um, gd)R(um, vn)R(fd, vm)R(un, vm)Wn, in which the
ﬁrst two factors combine into R(um, vm)R(um, gd) = R(um, gm). So the product
R(um, gm)R(fd, vm)Wn divides R(umfn, vmgn). Moreover, again by Lemma 1, (5), we
have R(um, gm) = R(fm,gm)R(fd ,gm) and R(fd, vm) =
R(fd ,gm)
R(fd ,gd )
, so that R(um, gm)R(fd, vm) =
Wm
Wd
, provided that R(fd, gm) = 0 and Wd = 0. But both R(fd, gm) and Wd divide Wm,
which in turn divides We, so that if either one of the ﬁrst two is 0 then Wm = We = 0
and the divisibility property of the statement holds trivially. So we may assume that
this is not the case. Then, by what precedes, Wm
Wd
Wn divides R(umfn, vmgn), which in
turn divides We. Hence the result. 
Corollary 1. If m and n are two relatively prime positive integers, then WmWn divides
Wmn.
Corollary 2. If n = pa11 . . . parr is the factorization of n into powers of distinct primes
p1, . . . , pr , with a1, . . . , ar ∈ N, then Wpa11 . . .Wparr divides Wn.
Proposition 3. For any prime number p and any positive integer n, we have Wnp ≡
Wn (mod p).
Proof. We have Wnp = R(fnp, gnp), where fnp(X) = Xnp − 1 ≡ (Xn − 1)p =
fn(X)
p (mod p) in Z[X], since in the binomial expansion of (Xn − 1)p, the bino-
mial coefﬁcients
(
p
k
)
are divisible by p for 1kp−1. Also, gnp(X) = fnp(X+1) ≡
fn(X + 1)p = gn(X)p (mod p) in Z[X]. Moreover, deg fnp = deg f pn = np and
deg gnp = deg gpn . Hence, by Lemma 2, (6), Wnp = R(fnp, gnp) ≡ R(f pn , gpn ) (mod p).
It also follows from Lemma 1, (5) that R(f pn , gpn ) = R(fn, gn)p2 = Wp
2
n . Furthermore,
by Fermat’s little theorem, Wp
2
n ≡ Wn (mod p). Hence Wnp ≡ Wn (mod p). 
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Corollary 1. For any prime number p and any h, k, n ∈ N, with n1, we have
W
ph
npk
≡ Wphn (mod ph+1). In particular, Wnpk ≡ Wn (mod p).
Proof. The congruence Wnpk ≡ Wn (mod p) follows from Proposition 3 by a
simple induction on k1 (for k = 0, it is trivial). Then the general case follows from
Lemma 4. 
Corollary 2. For any prime number p and any positive integer k, we have Wpk ≡
1 (mod p).
Proof. This follows from Corollary 1, in the case n = 1 and h = 0, since W1 = 1. 
Corollary 3. For any two distinct prime numbers p, q and any positive integers h, k,
we have Wphqk ≡ WphWqk (mod pq).
Proof. Indeed, by Corollary 1, Wphqk ≡ Wqk (mod p) and Wphqk ≡ Wph (mod q).
Moreover, by Corollary 2, Wph ≡ 1 (mod p) and Wqk ≡ 1 (mod q). Therefore Wphqk ≡
WphWqk (mod p) and Wphqk ≡ WphWqk (mod q). Since p and q are relatively prime, it
follows that Wphqk −WphWqk is divisible by pq. 
Corollary 4. For any positive integer n, we have W2n ≡ 0 (mod 3) and W3n ≡
0 (mod 2).
Proof. By Proposition 3, W2n ≡ W6n (mod 3) and W3n ≡ W6n (mod 2). But by Propo-
sition 1, W6n = 0. Hence the result. 
Proposition 4. For any prime number p and any n ∈ N, we have Wpn ≡ 1 (mod pn).
Proof. First, we establish that Wpn ≡ Wppn−1 (mod pn), for all positive integers n. To
start, note that fpn(X) = Xpn − 1 = fpn−1(Xp) and gpn(X) = ((X + 1)p)pn−1 − 1.
Moreover, (X+ 1)p =∑pk=0 (pk )Xk ≡ Xp+ 1 (mod p) in Z[X], since, for 1kp−
1, the binomial coefﬁcient
(
p
k
)
is divisible by p. It follows, using Lemma 4, that
((X + 1)p)pn−1 ≡ (Xp + 1)pn−1 (mod pn), i.e. gpn(X) ≡ gpn−1(Xp) (mod pn). More-
over, deg gpn−1(Xp) = deg gpn(X) = pn. Therefore, in view of Lemma 2, (5), we de-
duce that Wpn = R(fpn(X), gpn(X)) ≡ R(fpn−1(Xp), gpn−1(Xp)) (mod pn). But, from
Lemma 1, (8), we get R(fpn−1(Xp), gpn−1(Xp)) = R(fpn−1(X), gpn−1(X))p = Wppn−1 .
Hence Wpn ≡ Wppn−1 (mod pn).
Now, we prove the congruence Wpn ≡ 1 (mod pn), by induction on n. For n = 0, it is
trivial. For n = 1, it follows from Corollary 2 to Proposition 3. For the general induction
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step, assume that the congruence holds for some n1. In view of what precedes,
Wpn+1 ≡ Wppn (mod pn+1). But from the induction assumption Wpn ≡ 1 (mod pn), it
follows, by Lemma 4, that Wppn ≡ 1 (mod pn+1). Thus Wpn+1 ≡ 1 (mod pn+1), and the
induction is complete. 
4. Wendt determinants via cyclotomic ﬁelds
Notations: For any positive integer n, we take n = e2i/n for a primitive nth root of
unity in C, so that if n = dm with d,m ∈ N, then mn = d . We denote by Kn the nth
cyclotomic ﬁeld Q(n), by On = Z[n] its ring of integers, by Nn and Tn the norm
and trace maps, respectively, in Kn|Q. We also set n = 1− n. For k ∈ Z, relatively
prime to n, we denote by n,k the automorphism of Kn|Q deﬁned by n,k(n) = kn.
The set of integers k such that 1kn and gcd(k, n) = 1 will be written R(n)∗. The
Galois group of Kn|Q is Gn = {n,k : k ∈ R(n)∗}. The nth cyclotomic polynomial
is 	n(X) =
∏
k∈R(n)∗(X − kn); it is the irreducible polynomial of n over Q and its
degree, 
(n) (Euler’s totient function), is the degree [Kn : Q] of the extension Kn|Q.
The maximal real subﬁeld of Kn is K+n = Kn∩R = Q(n+ −1n ), and N+n denotes the
norm map in K+n |Q. For n > 2, the degree of Kn|K+n is 2, and the Galois group of
K+n |Q is G+n = {n,k|K+n : k ∈ R(n)∗ and k < n2 }. For all the results about cyclotomic
ﬁelds that we use without proof, we refer to [17]. The notation ∏d|n ad stands for a
product of terms ad , extended to all the divisors d of n in N.
Proposition 5. For any positive integer n, we have
(1) Wn = ∏
d|n
Nd((−1)n−1 + nd).
(2) Wn = ∏
d|n
R(	d , gn) =
∏
d|n
Nd(gn(d)) = (−1)n−1(2n − 1) ·
∏
d|n,d>2
N+d (gn(d))2.
(3) In particular, if p is an odd prime number, then
Wp = Np(1+ pp) = (2p − 1)N+p (gp(p))2.
Proof. (1) By Deﬁnition 3, (2), Wn =∏n−1j=0 ∏ni=1 (1+jn−in). Now the set {1, 2, . . . , n}
is partitioned by the sets Id = {i ∈ N : 1 in and gcd(i, n) = nd } = {k nd :
k ∈ R(d)∗}, for d | n in N. Moreover, if i = k n
d
, with k ∈ R(d)∗, then 1 −
in = 1 − kd = d,k(d). Hence
∏n
i=1 (1 + jn − in) =
∏
d|n
∏
i∈Id (1 − in + jn) =∏
d|n
∏
k∈R(d)∗ (d,k(d) + jn), for any j ∈ Z. Substituting this expression into that
of Wn and exchanging the order of the products, we get Wn = ∏d|n ∏k∈R(d)∗∏n−1
j=0 (d,k(d)+ jn). But since
∏n−1
j=0 (X+ jn) = Xn+ (−1)n−1, then
∏
k∈R(d)∗
∏n−1
j=0
(d,k(d) + jn) =
∏
k∈R(d)∗ d,k(
n
d + (−1)n−1) = Nd(nd + (−1)n−1), for any d > 0
in N. The result now follows by a simple substitution.
(2) By Deﬁnition 3, (1), Wn = R(fn, gn). On the other hand [17], we have fn =∏
d|n 	d . Hence, by Lemma 1, (5), Wn = R(
∏
d|n 	d , gn) =
∏
d|n R(	d , gn). Now, by
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Lemma 1, (2), R(	d , gn) =
∏
k∈R(d)∗ gn(
k
d) = Nd(gn(d)). Moreover, if d | n, then
gn(d) is a real number, since its complex conjugate is gn(−1d ) = (−1d + 1)n − 1 =
−nd (1 + d)n − 1 = gn(d), so that gn(d) lies in K+d . Also, by the transitivity of
the norm, Nd(gn(d)) = N+d (N ′d(gn(d))), where N+d and N ′d are the norm maps
in K+d |Q and in Kd |K+d , respectively. And, when d | n, since gn(d) ∈ K+d , then
N ′d(gn(d)) = gn(d)m, where m is the degree of Kd |K+d , which is 2 if d > 2. Thus,
for d | n and d > 2, we have R(	d , gn) = N+d (gn(d)2). As to the remaining possible
values of d, since 	1(X) = X − 1 and 	2(X) = X + 1, we have R(	1, gn) = gn(1) =
2n − 1 and R(	2, gn) = gn(−1) = −1, but while R(	1, gn) is always a factor of
Wn = ∏d|n R(	d , gn), the factor R(	2, gn) = −1 appears in Wn if and only if 2 | n.
Hence Wn = (−1)n−1(2n − 1)∏d|n,d>2 N+d (gn(d))2. 
Corollary. For any positive integer n, we have Wn = (−1)n−1(2n−1)r2, where r ∈ Z.
In particular, 2n − 1 divides Wn.
Proof. Indeed, r = ∏d|n,d>2 N+d (gn(d)) lies in Z, since the elements gn(d) are
cyclotomic integers. 
Proposition 6. Let p be an odd prime number. Then Wp ≡ 1+ Tp(pp)+ 12 (Tp(pp)2 −
Tp(
2p
p ))+ 16 (Tp(pp)3 − 3Tp(pp)Tp(2pp )+ 2Tp(3pp )) (mod p5), where Tp is the trace
map in Kp|Q.
Proof. Here, we will write  for p = 1 − p and k for the automorphism p,k of
Kp|Q and we set xk = k(p), for 1kp−1. By Proposition 5, Wp = Np(1+p) =∏p−1
k=1 k(1 + p) =
∏p−1
k=1 (1 + xk) = 1 +
∑p−1
j=1 sj , where sj =
∑
xk1xk2 . . . xkj , the
sum being over all j-tuples (k1, k2, . . . , kj ) of integers such that 1k1 < k2 < . . . <
kj p − 1, for 1jp − 1. These sums sj are the elementary symmetric functions
of the xk’s, and they can be written in terms of the power sums Pj = ∑p−1k=1 xjk (for
j ∈ N) by using Newton’s formula [16], namely (−1)j jsj +∑j−1i=0 (−1)isiPj−i = 0,
where we set s0 = 1, i.e. sj = (−1)j−1j
∑j−1
i=0 (−1)isiPj−i , for 1jp− 1. Moreover,
Pj = ∑p−1k=1 k(jp) = Tp(jp), for any j ∈ N. Thus, s1 = P1 = Tp(p) and s2 =
− 12 (P2 − s1P1) = 12 (Tp(p)2 − Tp(2p)), while s3 = 13 (P3 − s1P2 + s2P1) = 16 (2P3 −
3P1P2 + P 31 ) = 16 (2Tp(3p) − 3Tp(p)Tp(2p) + Tp(p)3). On the other hand,  is a
prime element of the ring of integers Op = Z[p] of Kp and it generates the only
prime ideal () of Op dividing the rational prime p, which is totally ramiﬁed in Kp|Q,
so that pOp = ()p−1. Thus, if v and vp are the -adic valuation of Kp and the
p-adic valuation of Q respectively, then, for any rational number r, we have v(r) =
(p−1)vp(r). This applies in particular to the sums sj (1jp−1), which are rational
integers, since they lie in Op and they are invariant under all the automorphisms k
of Kp|Q (or alternatively, because using Newton’s formula, they can, inductively, be
expressed in terms of the Pj ’s, which are traces of powers of  over Q). Moreover,
since sj is a sum of products of j factors xk , each of which is a conjugate of p, then
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v(sj )jp, so that vp(sj ) = 1p−1v(sj ) jpp−1 > j , i.e. vp(sj )j + 1 (since vp(sj )
is an integer), for all 1jp− 1. In particular, for j4, we have vp(sj )5. Hence
Wp ≡ 1 + s1 + s2 + s3 (mod p5), and in view of the above expressions for s1, s2 and
s3, the proof is complete. 
Lemma 5. Let p be an odd prime number.
(1) For any positive integer n, we have Tp(np) = p
∑
0k n
p
(
n
kp
)
(−1)k .
(2) If m is an odd positive integer, then Tp(mpp ) = 0.
Proof. (1) Note ﬁrst that, for any n ∈ Z, we have Tp(np) = p − 1 if p | n and
Tp(
n
p) = −1 if p  n, since in the ﬁrst case np = 1 and Tp(1) is the degree,
p − 1, of Kp|Q, while in the second case, np is a conjugate of p and Tp(p) =∑p−1
k=1 
k
p = −1. Now, for n > 0, we have np = (1 − p)n =
∑n
j=0
(
n
j
)
(−1)j jp,
so that Tp(np) =
∑n
j=0
(
n
j
)
(−1)j Tp(jp). But, by the previous remark, Tp(jp) is
−1 unless j = kp, with k ∈ N, in which case it is p − 1. Therefore Tp(np) =
−∑p  j, 0 jn (nj ) (−1)j + (p− 1)∑0k np
(
n
kp
)
(−1)kp = −∑nj=0 (nj ) (−1)j +
p
∑
0k n
p
(
n
kp
)
(−1)k = p∑0k n
p
(
n
kp
)
(−1)k , since the ﬁrst sum is the binomial
expansion of (1− 1)j = 0, and since p is odd (in the exponent of −1).
(2) By (1) above, Tp(mpp ) = p
∑m
k=0
(
mp
kp
)
(−1)k . Since m is odd, the latter sum
splits into two similar sums, one for 0k < m/2 and the other for m/2 < km; but in
the second one, we may write k = m−j with 0j < m/2; and since
(
mp
(m−j)p
)
=
(
mp
jp
)
and (−1)m−j = −(−1)j , for odd m, we get Tp(mpp ) = p
∑
0k<m/2
(
mp
kp
)
(−1)k −
p
∑
0 j<m/2
(
mp
jp
)
(−1)j = 0. 
Proposition 7. Let p be an odd prime number. Then Wp ≡ 1 + p
((
2p−1
p−1
)
− 1
)
(mod p5).
Proof. By Proposition 6, we have Wp ≡ 1 + Tp(pp) + 12 (Tp(pp)2 − Tp(2pp )) +
1
6 (Tp(
p
p)
3 − 3Tp(pp)Tp(2pp ) + 2Tp(3pp )) (mod p5). But, by Lemma 5, Tp(pp) =
Tp(
3p
p ) = 0, while Tp(2pp ) = p
∑2
k=0
(
2p
kp
)
(−1)k = p(2 −
(
2p
p
)
. Thus Wp ≡ 1 +
1
2p
((
2p
p
)
− 2
)
(mod p5). Moreover,
(
2p
p
)
= 2p(2p−1)...(p+1)
p! = 2 (2p−1)(2p−2)...(p+1)(p−1)! =
2
(
2p−1
p−1
)
. Hence the result. 
According to Dickson [5, p. 271 and 274], the following result was proved by J.
Wolstenholme in 1862 and also by A. Cunningham in 1907.
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Lemma 6. For any prime number p5, we have
(
2p−1
p−1
)
≡ 1 (mod p3).
Proof. We work in the local ring Z(p) = { ab : a, b ∈ Z, p  b} of Z at p. Since
the two sides of the required congruence lie in Z, if it holds in Z(p), then it holds
in Z. We have
(
2p−1
p−1
)
= (2p−1)(2p−2)...(p+1)
(p−1)! =
∏p−1
k=1
2p−k
k
= ∏p−1k=1 (1− 2pk ). By
expanding the latter product, using the elementary symmetric functions of the elements
− 2p
k
, for 1kp − 1, and truncating modulo p3, we obtain
(
2p−1
p−1
)
≡ 1 − 2pS1 +
4p2S2 (mod p3), where S1 = ∑p−1k=1 1k and S2 = ∑k1<k2 1k1k2 . Moreover S2 = 12 (S21 −
C), with C = ∑p−1k=1 1k2 . Now, by a theorem of Wolstenholme [9, Theorems 115
and 117], for primes p5, we have S1 ≡ 0 (mod p2) and C ≡ 0 (mod p), so that
S2 ≡ 0 (mod p). The result then follows by substitution. 
Corollary. For any prime number p5, we have Wp ≡ 1 (mod p4).
Proof. This follows immediately from Proposition 7 and Lemma 6. 
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